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ALGEBRAIC STRUCTURE OF COUNTABLY COMPACT
NON-TORSION ABELIAN GROUPS OF SIZE CONTINUUM
FROM SELECTIVE ULTRAFILTERS
MATHEUS KOVEROFF BELLINI, ANA CAROLINA BOERO,
VINICIUS DE OLIVEIRA RODRIGUES, AND ARTUR HIDEYUKI TOMITA
Abstract. Assuming the existence of c incomparable selective ultrafilters, we
classify the non-torsion Abelian groups of cardinality c that admit a countably
compact group topology. We show that for each κ ∈ [c, 2c] each of these groups has
a countably compact group topology of weight κ without non-trivial convergent
sequences and another that has convergent sequences.
Assuming the existence of 2c selective ultrafilters, there are at least 2c non
homeomorphic such topologies in each case and we also show that every Abelian
group of cardinality at most 2c is algebraically countably compact. We also show
that it is consistent that every Abelian group of cardinality c that admits a count-
ably compact group topology admits a countably compact group topology without
non-trivial convergent sequences whose weight has countable cofinality.
1. Introduction
1.1. Some history. Under Martin’s Axiom, Dikranjan and Tkachenko [9] showed
that if G is a non-torsion Abelian group of size continuum, then the following con-
ditions are equivalent:
a) G admits a countably compact Hausdorff group topology without non-trivial
convergent sequences;
b) G admits a countably compact Hausdorff group topology;
c) the free rank of G is equal to c and, for all d, n ∈ N with d | n, the group
dG[n] is either finite or has cardinality c.
The implications a)→b) and b)→c) hold in ZFC [9].
The classification of all torsion groups of arbitrary cardinality using a single selec-
tive ultrafilter and a mild cardinal arithmetic hypothesis appears in Castro-Pereira
and Tomita [7]. The example for torsion groups can be p-compact for the selective
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ultrafilter p and this cannot be expected for non-torsion Abelian groups. Indeed,
there are no p-compact group topologies on free Abelian groups [17].
Boero and Tomita [5] showed that the almost torsion-free groups of cardinality c
admit a countably compact group topology using c selective ultrafilters.
In [4], it was shown that the free Abelian group of cardinality c admits a countably
compact group with a convergent sequence using c selective ultrafilters. In [1] it was
shown from p = c that every Abelian group of cardinality c that admits a countably
compact group topology also admits a countably compact group topology with a
convergent sequence.
Malykhin and Shapiro [16] showed that every pseudocompact Abelian group whose
weight has countable cofinality has a convergent sequence and showed a forcing
example of a pseudocompact group topology without non-trivial convergent sequece
whose weight is ℵ1 < (ℵ1)
ω for the group (Z2)
(c). Tomita [19] showed that it is
consistent that Z(c) admits a countably compact group topology without non-trivial
convergent sequences whose weight is ℵω.
In this paper, we improve the main results of both [1] and [8]. Indeed, we show
from the existence of c selective ultrafilters that condition c) implies condition a), d)
and e) where d) and e) are as follows:
d) G admits a countably compact Hausdorff group topology with a convergent
sequence.
e) for each κ ∈ [c, 2c], G admits a countably compact Hausdorff group topology
without convergent sequences whose weight is κ.
Assuming 2c selective ultrafilters, there are 2c non-homeomorphic such group topolo-
gies satisfying a), b), d) and e). We note that Martin’s Axiom implies the existence
of 2c selective ultrafilters; on the other hand the existence of 2c selective ultrafilters
is consistent with the negation of Martin’s Axiom.
Also using 2c selective ultrafilters, we show that every Abelian group of cardinality
at most 2c is algebraically countably compact.
1.2. Basic results, notation and terminology. We recall that a T1 topological
space is countably compact iff every infinite subspace has an accumulation point in
the space.
The following definition was introduced in [2] and is closely related to countable
compactness.
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Definition 1.1. Let p be a free ultrafilter on ω and let s : ω → X be a sequence
in a topological space X . We say that x ∈ X is a p-limit point of s if, for every
neighborhood U of s, {n ∈ ω : s(n) ∈ U} ∈ p. 
If X is a Hausdorff space a sequence s has at most one p-limit point x and we
write x = p-lim s.
The set of all free ultrafilters on ω will be denoted by ω∗. It is not difficult to show
that a T1 topological space X is countably compact iff, each sequence in X there
exists p ∈ ω∗ such that s has a p-limit point. Similar to what happens to the regular
convergence of sequences, we have the following proposition with a very similar and
well known proof:
Proposition 1.2. If p ∈ ω∗ and (Xi : i ∈ I) is a family of topological spaces, then
(yi)i∈I ∈
∏
i∈I Xi is a p-limit point of a sequence ((x
n
i )i∈I : n ∈ ω) in
∏
i∈I Xi if, and
only if, yi = p− lim(x
n
i : n ∈ ω) for every i ∈ I. 
The following proposition is also very easy to prove. A proof can be found in [12]
(Theorem 3.54).
Proposition 1.3. Let X , Y be topological spaces and f : X → Y be a continuous
function, s : ω → X be a sequence in X and p ∈ ω∗. It follows that if x = p-
lim(sn : n ∈ ω), then f(x) = p-lim(f(sn) : n ∈ ω). 
Since + and − are continuous functions in topological groups, it follows from the
two previous propositions that:
Proposition 1.4. Let G be a topological group and p ∈ ω∗.
(1) If (xn : n ∈ ω) and (yn : n ∈ ω) are sequences in G and x, y ∈ G are
such that x = p − lim(xn : n ∈ ω) and y = p − lim(yn : n ∈ ω), then
x+ y = p− lim(xn + yn : n ∈ ω);
(2) If (xn : n ∈ ω) is a sequence in G and x ∈ G is such that x = p − lim(xn :
n ∈ ω), then −x = p− lim(−xn : n ∈ ω). 
The unit circle group T will be identified with the metric group (R/Z, δ) where δ
is given by δ(x + Z, y + Z) = min{|x − y + a| : a ∈ Z}, for every x, y ∈ R. Given a
subset A of T, we will denote by δ(A) the diameter of A with respect to the metric
δ. The set of all non-empty open arcs of T will be denoted by B.
We also fix U a basis of Tc of cardinality c consisting of basic open sets which are
products of elements of B. As such, for each U ∈ U and µ ∈ c we define Uµ ∈ B to
be the µ-th coordinate of U and let suppU = {µ ∈ c : Uµ 6= T}.
Let X be a set and G be a group. We denote by GX the product
∏
x∈X Gx where
Gx = G for every x ∈ X . The support of g ∈ G
X is the set {x ∈ X : g(x) 6= 0},
which will be designated as supp g. The set {g ∈ GX : | supp g| < ω} will be denoted
by G(X). If f : ω → G(X) is a sequence, then supp f =
⋃
n∈ω supp f(n).
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The torsion part T (G) of an Abelian group G is the set {x ∈ G : ∃n ∈ N(nx = 0)}.
Clearly, T (G) is a subgroup of G. For every n ∈ N, we put G[n] = {x ∈ G : nx = 0}.
In the case G = G[n], we say that G is of exponent n provided that n is the minimal
positive integer with this property. The order of an element x ∈ G will be denoted
by o(x).
A non-empty subset S of an Abelian group G is said to be independent if 0 6∈ S
and, given distinct elements s1, . . . , sn of S and integers m1, . . . , mn, the relation
m1s1+ . . .+mnsn = 0 implies that misi = 0, for all i. The free rank r(G) of G is the
cardinality of a maximal independent subset of G such that all of its elements have
infinite order. It is easy to verify that r(G) = |G/T (G)| if r(G) is infinite.
An Abelian group G is called divisible if, for each g ∈ G and each n ∈ N \ {0}, the
equation nx = g has a solution x ∈ G.
We end this section by presenting some of the notation that will be used throughout
this article (with the exception of the example of cardinality 2c, where the notation
is adapted to 2c).
We fix a two element partition {P0, P1} of c such that |P0| = |P1| = c and ω+1 ⊆
P1. We add the following notation:
Definition 1.5. We define the groups W0 = (Q/Z)(P0×ω), W1 = Q(P1), W = W0 ⊕
W1, X0 = Q(P0×ω), X1 = Q(P1), X = X0 ⊕ X1.
Given w ∈ W (or w ∈ X), we denote by w0 and w1 the respective projections
to W0 and W1 (X0 and X1); that is, the unique elements of W (or X) such that
suppw0 ⊆ P0 × ω, suppw
1 ⊆ P1 and w = w
0 + w1.
Similarly, given g a sequence from ω into W (or X), we define g0 and g1. So
g = g0 + g1, supp g0 ⊆ P0 × ω and supp g
1 ⊆ P1. 
It will be useful to be able to easily transform an element of X into an element of
W, so we use the following definition:
Definition 1.6. We denote by [ · ] the homomorphism from X = X0⊕X1 onto W =
W0 ⊕W1 so that X0 →W0 is the quotient map coordinatewise and X1 → W1 = X1
is the identity.
Given a function g : ω → X, we also define [g] : ω → W be given by [g](n) = [g(n)]
for every n ∈ ω. 
Now we introduce the notion of a nice subgroup of W. These will be the main
groups we will be working with throughout the article. Associated to each nice sub-
group W of W we have a subgroup Q of X of the elements which generate the
elements of W and the group Z of elements of integer coordinates of Q. All these
groups will be useful in the construction.
Definition 1.7. Given a family of positive integers ~n = (nξ : ξ ∈ P0), we define
~P0,~n =
⋃
ξ∈P0
{ξ} × nξ.
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We say thatW is a nice subgroup of W if there exists a family of positive integers
~n = (nξ : ξ ∈ P0) such that W = (Q/Z)
(~P0,~n) ⊕ Q(P1). In this case, we define
W0 = (Q/Z)(
~P0,~n) and W1 = Q(P1).
In this case, we define the following subgroups of X: Q0
W
= Q(
~P0,~n), Q1
W
= Q(P1)
and QW = Q
0
W
⊕Q1
W
, Z0
W
= Z(
~P0,~n), Z1
W
= Z(P1) and ZW = Z
0
W
⊕ Z1
W
. 
Note that, given a nice subgroup W, the restriction of [ · ] to QW is a homomor-
phism onto W.
Throughout this article we will never deal with more than one nice subgroup of
W at the same time. Consequently, given a nice subgroup W of W, we just write
~P0 = ~P0,~n, Q = QW, Z = ZW, and Q
j = Qj
W
, Zj = Zj
W
for j = 0 or 1.
The following notation is also useful:
Definition 1.8. Given E ⊆ c, we define E0 = E ∩ P0 and E
1 = E ∩ P1. 
Definition 1.9. Given ξ ∈ P1, the function χξ : P1 → Q is given by
χξ(µ) =
{
1 if µ = ξ
0 if µ 6= ξ.

Definition 1.10. if r ∈ Q/Z, then p(r) and q(r) are the unique integers p, q such
that q > 0, gcd(p, q) = 1, 0 ≤ p < q and r = p
q
+Z. Likewise, if r ∈ Q, p(r) and q(r)
are the unique integers p, q such that q > 0, gcd(p, q) = 1 and r = p
q
.
We also define, for w ∈ W, p(w) = max{|p(w(z))| : z ∈ suppw} and q(w) =
max{q(w(z)) : z ∈ suppw} if w 6= 0. We define p(0) = 0 and q(0) = 0. 
1.3. Structure of the article. In Section 2, we recall the definition of selective
ultrafilters and some properties which are necessary to construct homomorphisms
restricted to countable subgroups.
In Section 3, we recall the notion of arc homomorphism that was defined in [1]
which helped simplify the construction of the homomorphisms.
In Section 4, we define the types and state the theorem in [1] that shows that every
1-1 sequence can be associated to one of the types.
In Section 5, we improve the result in [1] to have an estimate of the size of the
output arc that depends only on the size of the input arc.
In Section 6, we prepare the arc homomorphism to make the sequences have the
pre-assigned p-limits and we produce the homomorphisms on countable subgroups.
Here lie the main differences between constructing homomorphisms using p = c and
selective ultrafilters. For selective ultrafilters, we have to know the size of the output
arcs in advance to guarantee the assigned points will be the p-limits.
6 M. K. BELLINI, A. C. BOERO, V. O. RODRIGUES, AND A. H. TOMITA
In Section 7, we present the algebraic immersion, extend the homomorphism on
countable subgroups and define group topologies with a non-trivial convergent se-
quence and without non-trivial convergent sequences.
In Section 8 we show that the main construction can be used to obtain some more
examples which were already mentioned in the introduction.
2. Selective Ultrafilters
In this section we review some basic facts about selective ultrafilters, the Rudin-
Keisler order and some lemmas we will use in the next sections.
Definition 2.1. A selective ultrafilter (on ω), also called Ramsey ultrafilter, is a free
ultrafilter p on ω such that for every partition (An : n ∈ ω) of ω, either there exists
n such that An ∈ p or there exists B ∈ p such that |B ∩ An| = 1 for every n ∈ ω. 
The following proposition is well known. We provide [13] as a reference.
Proposition 2.2. Let p be a free ultrafilter on ω. Then the following are equivalent:
a) p is a selective ultrafilter,
b) for every f ∈ ωω, there exists A ∈ p such that f |A is either constant or
one-to-one,
c) for every function f : [ω]2 → 2 there exists A ∈ p such that f |[A]2 is constant.
The Rudin-Keisler order is defined as follows:
Definition 2.3. Let U be a filter on ω and f : ω → ω. We define f∗(U) = {A ⊆ ω :
f−1[A] ∈ U}. 
It is easy to verify that: f∗(U) is a filter; if U is an ultrafilter, so is f∗(U); if
f, g : ω → ω, then (f ◦ g)∗ = f∗ ◦ g∗; and (idω)∗ is the identity over the set of all
filters. This implies that if f is bijective, then (f−1)∗ = (f∗)
−1.
Definition 2.4. Let U , V be filters. We say that U ≤ V (or U ≤RK V, if we need to
avoid ambiguity) iff there exists f ∈ ω such that f∗(U) = V.
The Rudin-Keisler order is the set of all free ultrafilters over ω ordered by ≤RK.
We say that two ultrafilters p, q are equivalent iff p ≤ q and q ≤ p. 
It is easy to verify that ≤ is a preorder and that the equivalence defined above is
in fact an equivalence relation. Moreover, the equivalence class of a fixed ultrafilter
is the set of all fixed ultrafilters, so the relations restricts to ω∗ without modifying
the equivalence classes. We refer to [13] for the following proposition:
Proposition 2.5. The following are true:
(1) If p, q are ultrafilters, then p ≤ q and q ≤ p is equivalent to the existence of
a bijection f : ω → ω such that f∗(p) = q.
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(2) The selective ultrafilters are exactly the minimal elements of the Rudin-
Keisler order.
This implies that if f : ω → ω and p is a selective ultrafilter, then f∗(p) is either
a fixed ultrafilter or a selective ultrafilter. If f∗(p) is the ultrafilter generated by n,
then f−1[{n}] ∈ p, so, in particular, if f is finite to one and p is selective, then f∗(p)
is a selective ultrafilter equivalent to p.
The existence of selective ultrafilters is independent from ZFC. Martin’s Axiom for
countable orders implies the existence of 2c pairwise incompatible selective ultrafilters
in the Rudin-Keisler order.
The lemma below appears in [20] and will be used for the construction of homo-
morphisms on countable subgroups.
Lemma 2.6. Let (pk : k ∈ ω) be a family of pairwise incomparable selective
ultrafilters. For each k, let (ak,i : i ∈ ω) be a strictly increasing sequence in ω
such that {ak,i : i ∈ ω} ∈ pk and i < ak,i for each k, i ∈ ω. Then there exists
{Ik : k ∈ ω} ⊂ [ω]
ω such that:
a) {ak,i : i ∈ Ik} ∈ pk, for each k ∈ ω.
b) Ij ∩ Ij = ∅ whenever i, j ∈ ω and i 6= j, and
c) ([i, ak,i] : k ∈ ω and i ∈ Ik) is a pairwise disjoint family.
3. Arc homomorphisms
Throughout this section we fix a nice subgroup W of W.
In [1], we introduced the concept of arc homomorphism to construct homomor-
phisms from countable subgroups of W to T. This technique replaces the arc func-
tions that were used in [22] to treat free Abelian groups.
In this section, we recall this concept and some of the useful results. More details
can be seen in [1].
First, we define some subgroups of W. A countable subset of c generates a count-
able subset of W. We may restrict this subgroup to the elements which are annihi-
lated by an integer K. Formally:
Definition 3.1. Given E a subset of c, denote by
WE = {w ∈W : suppw ⊆ (E
0 × ω) ∪ E1}.
Given positive integer K, we define
W(K) = {w ∈W : ∃u ∈ Q, w = [u] and Ku ∈ Z}.
Finally denote
WE,K =WE ∩W(K).

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In particular, if E ⊆ P0, then WE,K is the subgroup of (Q/Z)
( ~P0∩(E×ω)) of the
elements which are annihilated by K, and if E ⊆ P1, then WE,K is the subgroup of
Q(E) of the elements that become an element of Z(E) when multiplied by K. Also,
notice that WE,K = WE0,K ⊕WE1,K is a finitely generated group whenever E is
finite.
Now we recall the definition of a (E,K, ǫ)-arc homomorphism.
Definition 3.2. Given a positive real ǫ, a subset E of c and a positive integer K,
an (E,K, ǫ)-arc homomorphism is a pair φ = (φ0, φ1) where:
a) φ0 :WE0,K → T is a homomorphism,
b) φ1 : { 1
K
χξ : ξ ∈ E
1} → B,
c) φ1( 1
K
χξ) is an arc of length ǫ, for every ξ ∈ E
1.

φ1 can naturally be extended to WE1,K as follows:
Definition 3.3. Let E ⊆ c, K be a positive integer, ǫ > 0, φ = (φ0, φ1) be an
(E,K, ǫ)-arc homomorphism and w ∈WE,K. Then we define:
φˆ(w) = φ0(w0) +
∑
ξ∈suppw1
Kw(ξ)φ1
(χξ
K
)
We define the empty sum of arcs to be the set {0 + Z}. 
Notice that if suppw ⊆ ~P0 then φˆ(w) = {φ
0(w)}.
As in [1], the following notion of extension will be very useful:
Definition 3.4. Given ǫ′, ǫ > 0, positive integers K,K ′, subsets E,E ′ of c, φ =
(φ0, φ1) an (E,K, ǫ)-arc homomorphism and ψ = (ψ0, ψ1) an (E ′, K ′, ǫ′)-arc homo-
morphism, we say that ψ < φ (ψ extends φ) iff:
a) E ⊆ E ′, K|K ′ and ǫ′ ≤ ǫ,
b) φ0 ⊆ ψ0,
c) cl
(
K ′
K
ψ1( 1
K ′
χξ)
)
⊆ φ1( 1
K
χξ), for each ξ ∈ E
1.
d) m!K
′
K
ψ1(χm
K ′
) is contained in the arc (− ǫ
2K
, ǫ
2K
)+Z, for each m ∈ (E ′∩ω)\E.

The following proposition appears in [1] and its proof is straightforward.
Proposition 3.5. Suppose (φn : n ∈ ω) is a sequence of (En, Kn, ǫn)-arc homomor-
phisms such that: φn+1 < φn for every n ∈ ω; (ǫn : n ∈ ω) → 0; and each positive
integer divides cofinitely many elements of (Kn : n ∈ ω). Let E =
⋃
n∈ω En. Then:
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(1) For every w ∈WE,
⋂
{φˆn(w) : w ∈WEn,Kn} is a singleton.
(2) The function ψ : WE → T so that ψ(w) ∈
⋂
{φˆn(w) : w ∈ WEn,Kn} is a
group homomorphism.
(3) If ω ⊆ E and En is finite for every n, then for every positive integer S,
(ψ
(
m!
S
χm
)
: m ∈ ω) converges to 0 ∈ T.

4. Types of sequences
4.1. Introduction. Throughout this section we fix a nice subgroup W of W. We
will recall, from [1], the definition of the 11 types of sequences in the next subsection
and the theorem that states that every sequence is related to one of them. The types
are defined with respect to a subgroup G of W.
We call H the class of all the sequences that are of one of the 11 types.
The theorem that we are going to need, proved in [1], is the following:
Theorem 4.1. Let f : ω → Q be given by f(n) = (0, n!χn) for every n ∈ ω. Let G
be a subgroup ofW containing (0, χn) for every n ∈ ω. Let g : ω → Q with [g] ∈ G
ω.
Then there exists h : ω → Q such that h ∈ H or [h] is a constant sequence in Gω,
c ∈ Q with [c] ∈ G, F ∈ [ω]<ω, pi, qi ∈ Z with qi 6= 0 for every i ∈ F , (ji : i ∈ F )
increasing enumerations of subsets of ω and j : ω → ω strictly increasing such that
g ◦ j = h+ c +
∑
i∈F
pi
qi
f ◦ ji
with qi ≤ ji(n) for each n ∈ ω and i ∈ F (which implies [
pi
qi
f ◦ ji] ∈ G
ω since
qi|((ji(n))!) for each i ∈ F and n ∈ ω). 
A discussion on the types can be seen in [1].
To state the definition of the 11 types, the following notation is useful:
Given w ∈ Q, we call w1,0 and w1,1 the natural projections of w into Q(ω) and
Q(P1\ω).
Similarly, given g : ω →W (or Q), we define g1,0 and g1,1 so that g1 = g1,0+ g1,1,
with g1,0 ∈ (Qω)
ω and g1,1 ∈ (QP1\ω)
ω.
4.2. The types. The types are grouped by where the main element of the support
is.
The types related to P1 \ ω
Definition 4.2. Let G be a subgroup of W. We define the first three types of se-
quence (with respect to G) as follows: Let g : ω → Q be such that [g] ∈ Gω.
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We say that g is of type 1 if supp g1,1(n) \
⋃
m<n supp g
1,1(m) 6= ∅, for every n ∈ ω.
We say that g is of type 2 if q(g1,1(n)) > n, for every n ∈ ω.
We say that g is of type 3 if {q(g1,1(n)) : n ∈ ω} is bounded and |p(g1,1(n))| > n,
for every n ∈ ω. 
The types related to ω
Definition 4.3. Let G ⊆W be a subgroup. Let g : ω → Q be such that [g] ∈ Gω.
Then we define types 4 to 9 (with respect to G) as follows:
We say that g is of type 4 if q(g(n)) > n, for every n ∈ ω.
We say that g is of type 5 if there exists M ∈
⋂
n∈ω supp g
1,0(n) such that
{q(g(n)) : n ∈ ω} is bounded and |p(g(n)(M))| > n, for every n ∈ ω.
To define types 6, 7 and 8, suppose g is such that for each n ∈ ω, there exists
Mn ∈ supp g
1,0(n) \ ∪m<n supp g
1,0(m) such that(
g(n)(Mn)
Mn!
: n ∈ ω
)
is a 1-1 sequence that converges to some u ∈ (R \Q) ∪ {−∞, 0,∞}.
We say that g is of type 6 if u = 0.
We say that g is of type 7 if u ∈ R \Q.
We say that g is of type 8 if u is ∞ or −∞.
We say that g is of type 9 if
{
g(n)(M)
M !
: M ∈ supp g1,0(n), n ∈ ω
}
is finite and
| supp g1,0(n)| > n for every n ∈ ω. 
The types related to ~P0
Definition 4.4. We define types 10 and 11 (with respect to G) as follows: Let
g : ω → Q be such that [g] ∈ (W0)ω ∩Gω.
We say that g is of type 10 if q(g0(n)) > n, for every n ∈ ω.
We say that g is of type 11 of order k if the family {[g(n)] : n ∈ ω} is an independent
family whose elements have a fixed order k, for some positive integer k. 
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5. Extensions of Arc homomorphisms
Throughout this section we fix a nice subgroup W of W.
We will state theorems on extensions of arc homomorphisms related to the types
which will be important to build homomorphisms in countable subgroups of W. We
have to make an estimate for the output arc compared to the input arc. In [1], all that
was needed was to find an output arc to continue the induction, and this depended
solely on having a homomorphism that solved a certain arc equation.
The construction of the arc homomorphisms were divided in two theorems (type 1-
10) and type 11 because of the preliminaries. Since we are not proving the theorems
here we will rewrite those theorems from [1] in a unique statement:
Theorem 5.1. Let the following be given:
i) E ∈ [c]<ω,
ii) K a positive integer,
iii) ǫ∗, ǫ positive reals with ǫ < 1
2
,
iv) φ an (E,K, ǫ)-arc homomorphism,
v) h a sequence of type 1 to 11,
vi) γ > 0 if h is of type 1 to 10,
vii) k as the order of h, if h is of type 11.
Then there exists a cofinite set A ⊆ ω such that for every n ∈ A and for every
finite E ′ ⊃ E, and positive integer K ′ such that K | K ′ and
[
1
K
h(n)
]
∈ WE′,K ′ for
every arc U of length at least γ (if h is of type 1-10) or r ∈ T of order k (if h is of
type 11) there exists ǫ′ ≤ ǫ, ǫ
∗
K ′
and an (E ′, K ′, ǫ′)-arc homomorphism φ′ < φ such
that:
• If h is of one of the types 1 to 10, φˆ′
([
1
K
h(n)
])
⊆ U .
• If h is of type 11, (φ′)0 ([h(n)]) = r.

We will improve Theorem 5.1 so that ǫ′ will no longer depend on U and φ, but
only in the size of U . First, we prove a lemma.
Lemma 5.2. Given E ∈ [c]<ω, K a positive integer, ǫ a positive real, there exists a
finite set S of (E,K, ǫ
2
)-homomorphisms such that for every (E,K, ǫ)-homomorphism
φ there exists ψ ∈ S such that ψ < φ.
Proof. Let T ⊆ T be a finite ǫ
4
-dense subset. Let J0 be the set of homomorphisms
from WE0,K to T, which is finite, and let J
1 be the set of all functions from E1 to
T , which is also finite. Let J = J0 × J1. For each j = (fj , zj) ∈ J , let φj be the
(E,K, ǫ
2
)-arc homomorphism such that φ0j = fj and φ
1
j(
1
K
χξ) be the arc centered in
zj(ξ) of length
ǫ
2
. Let S = {φj : j ∈ J}. 
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Now we prove a new version Theorem 5.1 that we need later.
Theorem 5.3. Let the following be given:
i) E ∈ [c]<ω,
ii) K a positive integer,
iii) ǫ∗, ǫ positive reals with ǫ < 1
2
,
iv) h a sequence of type 1 to 11,
v) γ > 0 if h is of one of the first 10 types,
vi) if h is of type 11, let k be the order of h.
Then there exists a cofinite set A ⊆ ω such that for every n ∈ A, for every finite
E ′ ⊇ E and positive integer K ′ satisfying K | K ′ and
[
1
K
h(n)
]
∈WE′,K ′, there exists
a positive real ǫ′ ≤ ǫ, ǫ
∗
K ′
such that for every (E,K, ǫ)-arc homomorphism φ:
• if h is of one of the first ten types, then for every arc U of length ≥ γ there
exists an (E ′, K ′, ǫ′)-arc homomorphism φ′ < φ such that φˆ′
([
1
K
h(n)
])
⊆ U .
• if h is of type 11, then for every r ∈ T[k] there exists an (E ′, K ′, ǫ′)-arc
homomorphism φ′ < φ such that (φ′)0 ([h(n)]) = r.

Proof. Suppose h is of one of the first 10 types. The other case is similar since T has
only a finite number of elements of order k. We obtain A by applying Theorem 5.1
using ǫ
2
instead of ǫ and γ
2
instead of γ. Now fix E ′, K ′. It follows that:
(*) for every open arc V of length ≥ γ
2
and every (E,K, ǫ
2
)-arc homomorphism ψ
there exist ǫ′n,V,ψ ≤
ǫ
2
, ǫ
∗
K ′
and an (E ′, K ′,
ǫ′n,V,ψ
2
)-arc homomorphism φ′ < ψ such that[
1
K
h(n)
]
∈WE′,K ′ and φˆ′
([
1
K
h(n)
])
⊆ V .
We apply Lemma 5.2 to obtain a finite set S of (E,K, ǫ
2
)-homomorphisms such
that for every (E,K, ǫ) homomorphism φ there exists ψ ∈ S such that ψ < φ.
Let T be a finite γ
4
-dense subset of T. Let V be the (finite) set of the arcs of length
γ
2
centered in a point of T .
Fix n ∈ A. We apply (*) for each V ∈ V and φ ∈ S to obtain ǫn′,V,ψ for which there
exists an (E ′, K ′,
ǫ′n,V,ψ
2
)-arc homomorphism φ′n,V,ψ < ψ such that
[
1
K
h(n)
]
∈ WE′,K ′
and φˆ′n,V,ψ
([
1
K
h(n)
])
⊆ V .
Let ǫ′n = min
{
ǫ′n,V,ψ
2
: V ∈ V, ψ ∈ S
}
.
Now given φ and U as in the statement of this Theorem, there exists ψ ∈ S such
that ψ < φ, and V ∈ V such that V ⊆ U . We shrink the size of the arc homomorphism
φ′n,V,ψ to ǫ
′
n the proof is complete. 
We will fix the objects that are obtained through the application of Lemma 5.3
and give them a notation.
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Definition 5.4. For each E ∈ [c]<ω, K positive integer, ǫ, ǫ∗ positive reals less than
1/2, h sequence of type 1-11 and γ > 0, let A(E,K, ǫ, ǫ∗, h, γ) be a fixed set A ob-
tained by applying the previous theorem. Moreover, for each n ∈ A(E,K, ǫ, ǫ∗, h, γ),
for every E ′ ⊇ E and for every positive integer K ′ satisfying K | K ′ and
[
1
K
h(n)
]
∈
WE′,K ′, we let E(E,K, ǫ, ǫ
∗, h, γ, n, E ′, K ′) be a fixed positive real ǫ′ such that ǫ′ ≤
ǫ, ǫ∗/K ′ and such that for every (E,K, ǫ)-homomorphism φ:
• if h is of one of the first ten types, then for every arc U of length ≥ γ there
exists an (E ′, K ′, ǫ′)-arc homomorphism φ′ < φ such that φˆ′
([
1
K
h(n)
])
⊆ U .
• if h is of type 11, then for every r ∈ T[k] there exists an (E ′, K ′, ǫ′)-arc
homomorphism φ′ < φ such that (φ′)0 ([h(n)]) = r.

6. Homomorphisms on a countable subgroup
In this section we show how to construct homomorphisms on countable subgroups
of W. For the next proposition, given a ∈ Q, we define:
‖a‖ =
∑
ξ∈suppa
|a(ξ)|.
Proposition 6.1. Let E be a countable subset of c with ω ⊆ E, e ∈WE with e 6= 0,
a countable G ⊆ H (where H is defined with respect to WE) and (pg : g ∈ G) a
family of pairwise incomparable selective ultrafilters.
Fix a family (cg : g ∈ G) of elements of QE such that [cg] ∈WE, cg is a non torsion
element if g is of one of types from 1 to 10, and [cg] has the same order as [g] if g is
of type 11.
Then there exists a homomorphism ρ : WE → T such that:
(1) ρ(e) 6= 0,
(2) pg-lim(ρ([g(n)]) : n ∈ ω) = ρ([cg]), for each g ∈ G, and
(3)
(
ρ
(
n!
S
χn
)
: n ∈ ω
)
converges to 0 + Z, for every integer S > 0. 
Before we prove the proposition it is easy to produce the objects below satisfying
condition (i)-(xvi):
Enumerate G = {gm : m ∈ ω} faithfully.
Let E0 be a finite subset of E, K0 be a positive integer, ǫ0 > 0 and A0 be a cofinite
subset of ω such that
(i) [e], [cg0], [g0(0)] ∈WE0,K0;
(ii) ǫ0‖cg0‖ <
1
2
;
(iii) A0 = ω \ {0};
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The three items above comprise a sufficient condition for the existence of an (E0, K0, ǫ0)-
arc homomorphism σ such that 0 /∈ σˆ([e]), which will be used to prove condition (1)
for ρ.
Let (Et : t ∈ ω) be an arbitrary sequence of finite subsets of E such that
(iv)
⋃
t∈ω Et = E;
(v) Et+1 ⊇ Et, for every t ∈ ω;
(vi) {[cgt]} ∪
⋃
{[gm(m
′)] : m,m′ ≤ t} ⊂WEt , for every t ∈ ω;
Fix (Kt : t ∈ ω) an arbitrary sequence of integers so that:
(vii) Kt | Kt+1 and t! | Kt, for every t ∈ ω;
(viii) {[cgt]} ∪
⋃
{
[
1
Kt−1
gm(m
′)
]
: m,m′ ≤ t} ⊆WEt,Kt , for every t ∈ ω \ {0};
Recursively, we define sequences (ǫt : t ∈ ω \ {0}), (ǫ
∗
t : t ∈ ω \ {0}) of positive
real numbers less than 1
2
, a sequence of real numbers (γt : t ∈ ω) and a sequence of
cofinite sets (At : t ∈ ω) satisfying:
(ix) γt =
ǫt−1
Kt−1
min{‖[cgl]‖ : l ≤ t}, for every t ∈ ω;
(x) ǫ∗t =
ǫt−1
2tKtmax{‖cgl‖:l≤t}
(xi) ǫt ≤ min{E(Ei, Ki, ǫi, ǫ
∗
i , gj, γi, n, Et, Kt) : j ≤ i ≤ t− 1 and n ∈ Ai ∩ t},
(xii) At = ∩i≤tA(Et, Kt, ǫt, ǫ
∗
t , gi, γt) \ (t+ 2).
Denote the ultrafilter pgk as pk. The family {At : t ∈ ω} ⊆ pk, for each k ∈ ω. By
the selectivity of pk there exists an increasing (ak,i)i∈ω such that
(xiii) ak,i ∈ Ai and i < ak,i, for each i ∈ ω and
(xiv) {ak,i : i ∈ ω} ∈ pk, for each k ∈ ω.
Applying Lemma 2.6, we have a family (Ik : k ∈ ω) of pairwise disjoint subsets of ω
such that:
(xv) {ak,i : i ∈ Ik} ∈ pk and
(xvi) ([i, ak,i] : k ∈ ω and i ∈ Ik) is a family of pairwise disjoint sets.
Finally, we may also suppose, my removing finitely many elements, that:
(xvii) Ik ∩ k = ∅ for every k ∈ ω.
Proof. (of Proposition 6.1)
We will proceed by induction on I =
⋃
k∈ω Ik. Let (in : i ∈ ω) be an increasing
enumeration of I and let kn ∈ ω be the unique k such that in ∈ Ik and set an = akn,in.
Fix φ′ any (E0, K0, ǫ0)-arc homomorphism such that 0 /∈ cl φˆ
′([e]). The existence
of such arc homomorphism follows from conditions (i) and (ii). Since i0 ≥ 0, we can
fix an (Ei0 , Ki0, ǫi0)-arc homomorphism φi0 such that φi0 < φ
′. From the inequality,
it follows that:
(a) 0 /∈ cl φˆi0([e]).
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It follows from k0 ≤ i0 < a0 and a0 ∈ Ai0 that we can extend φi0 to an (Ea0 , Ka0, E(Ei0 , Ki0, ǫi0 , ǫ
∗
i0
, gk0, γi0, a0, Ea0 , Ka0))-
arc homomorphism φ∗ with φˆ∗([gk0(a0)]) ⊆ φˆi0([cgk0 ]).
Since ǫa0 ≤ E(Ei0, Ki0 , ǫi0 , ǫ
∗
i0
, gk0, γi0, a0, Ea0 , Ka0),
there exists an (Ea0 , Ka0 , ǫa0)-arc homomorphism φa0 < φ∗, thus φa0 < φi0.
Set B = {in, an : n ∈ ω} = {in : n ∈ ω}∪˙{an : n ∈ ω} (notice that i0 < a0 < i1 <
a1 < . . . ). We will show that there exists a sequence (φb : b ∈ B) such that
(b) φb is an (Eb, Kb, ǫb)-arc homomorphism, for each b ∈ B,
(c) φin+1 < φan < φin , for each n ∈ ω, and
(d) φˆan([gkn(an)]) ⊆ φˆin([cgkn ]), for each n ∈ ω.
Suppose that we have defined φb for b ∈ {in, bn : n ∈ N} satisfying the conditions
(b)− (d).
It follows from aN−1 < iN that we can define a (EiN , KiN , ǫiN ) arc homomorphism
φiN such that φiN < φaN−1 . We can repeat the procedure that defined φa0 < φi0
to obtain φaN an (EaN , KaN , ǫaN ) arc homomorphism such that φaN < φiN and
φˆaN ([gkN (aN )]) ⊆ φˆiN ([cgkN ]). Then the conditions (b)− (d) are satisfied for N .
By Lemma 3.5 and condition (c), let ρ be the homomorphism obtained from the
intersection of the sequence (φb : b ∈ B). By (b) and (iv) and (vii), it follows that
the domain of ρ is WE. Since ω ⊆ E, it follows from Lemma 3.5 that condition (3)
holds.
By (a) and ρ([e]) ∈ cl φˆi0([e]), it follows that ρ([e]) 6= 0 and (1) is satisfied.
Now for each k ∈ ω and i ∈ Ik, let n ∈ ω be such that i = in and k = kn. By (d), it
follows that ρ([gk(an)]), ρ([cgk ]) ∈ φˆi([cgk ]). Since the arc φˆi([cgk ]) has length at most
‖cgk‖ǫ
∗
in
, it follows by (x) and (xi) that the distance between ρ([gk(an)]) and ρ([cgk ])
is at most 2−i. Thus, the sequence (ρ([gk(ak,i)]) : i ∈ Ik) converges to ρ([cgk ]). In
addition, condition (xv) holds, thus (2) is satisfied. 
7. The immersion and the proof of the main theorem
In this section, we consider an Abelian group G such that |G| = |G/T (G)| = c.
Definition 7.1. Let G ⊆W be an Abelian group such that |G| = r(G) = c and for
all d, n ∈ N with d | n, the group dG[n] is either finite or has cardinality c.
Let D be the set of all integers n > 1 such that G contains an isomorphic copy of
the group Z
(c)
n .
Let W be a nice subgroup of W.
We say that G is nicely immersed in W if there exists L1 ∈ [P1]
c with ω ⊆ L1,
a family (Ln : n ∈ D) of pairwise disjoint elements of [P0]
c and a family (yξ : ξ ∈⋃
n∈D Ln) such that:
a) {(0, χξ) ∈W : ξ ∈ L1} ⊆ G,
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b) {(yξ, 0) ∈W : ξ ∈ ∪n∈DLn} ⊆ G,
c) o(yξ) = n ∀ξ ∈ Ln, n ∈ D and
d) supp yξ ⊆ {ξ} × ω ∀ξ ∈ ∪n∈DLn.
In this case, we say (G,W, L, y) is a nicely immersed group. When no confusion
may arise, we just say G is a nicely immersed group. 
The following proposition appears in [1] with the definition of nice immersion
stated in it.
Proposition 7.2. Let G be an Abelian group such that |G| = r(G) = c.
Then there existW a nice subgroup ofW and a group monomorphism ϕ : G→W
such that ϕ[G] is nicely immersed in W.
This proposition allow us to consider only subgroups of W which are nicely im-
mersed.
Definition 7.3. Given a nicely immersed group G = (G,W, L, y), a frame for a
countably compact group topology for G is a pair (J, h), where:
• J = (Jn : n ∈ {1} ∪D}, with Jn ∈ [Ln]
c for each n ∈ {1} ∪D;
• h = (hξ : ξ ∈ J1 ∪
⋃
n∈D Jn) is a enumeration of H so that each element of H
appears c-many times;
• if ξ ∈ J1, then hξ is of type i ∈ {1, . . . , 10};
• if there exists k ∈ D such that ξ ∈ Jk, then hξ is of type 11 and o([hξ(n)]) = k,
for every n ∈ ω;
•
⋃
n∈ω supp hξ(n) ⊂ (ξ × ω) ∪ ξ, for every ξ ∈ J1 ∪
⋃
n∈D Jn and
• L1 \ J1 has cardinality c.

It is easy to verify that given a nicely immersed group G, there exists frames for
a countably compact group topology for it.
Definition 7.4. Given a frame (J, h) for a nicely immersed countably compact group
G = (G,W, L, y), we say that a group monomorphism Φ : G → Tc and a family of
free ultrafilters (ξ: ξ ∈ J1 ∪
⋃
n∈D Jn) fulfill the frame if:
(1) if ξ ∈ J1, then the pξ-limit of sequence (Φ([hξ(n)]) : n ∈ ω) is Φ(0, χξ);
(2) if ξ ∈
⋃
n∈D Jn, then the pξ-limit of the sequence (Φ([hξ(n)]) : n ∈ ω) is
Φ(yξ, 0);
(3) for each S positive integer, the sequence
(
Φ
(
0, 1
S
n!χn
)
: n ∈ ω
)
converges to
0 + Z.

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Theorem 7.5. Let G be a nicely immersed group and (J, h) be a frame for it. If Φ
and (pξ : ξ ∈ J1 ∪
⋃
n∈D Jn) is a fulfillment of the frame, then Φ[G] is a countably
compact group topology on G with non-trivial convergent sequences, so G admits
such a topology.
Proof. Let G and (J, h) be given as in the statement of the proposition. Let g : ω →
Φ[G]. We have that Φ−1 ◦ g : ω → G, so take any g˜ : ω → Q such that [g˜] = Φ−1 ◦ g.
It follows from Proposition 4.1 that there exist h : ω → Q such that h ∈ H or [h] is
constant and in G, c ∈ Q with [c] ∈ G, F ∈ [ω]<ω, pi, qi ∈ Z with qi 6= 0 for every
i ∈ F , (ji : i ∈ F ) increasing enumerations of subsets of ω and j : ω → ω strictly
increasing such that
g˜ ◦ j = h+ c +
∑
i∈F
pi
qi
f ◦ ji
with qi ≤ ji(n) for each n ∈ ω and i ∈ F , where f : ω → Q is given by f(n) =
(0, n!χn) for every n ∈ ω.
In the case where [h] is constant, say constantly v ∈ W, we have that g ◦ j =
Φ◦ [g˜]◦j = Φ◦ [g˜ ◦j] = Φ(v)+Φ([c])+
∑
i∈F Φ◦([
pi
qi
f ◦ji]) converges to Φ(v)+Φ([c]).
Now, in the case h ∈ H:
Since it is fulfillment, if ξ ∈ J1, then
Φ(0, χξ) = pξ − lim(Φ([hξ(n)]) : n ∈ ω)
for every α < c and if ξ ∈
⋃
n∈D Jn, then
Φ(yξ, 0) = pξ − lim(Φ([hξ(n)]) : n ∈ ω)
for every α < c.
Since the sequence
(
Φ
(
0, 1
qi
n!χn
)
: n ∈ ω
)
converges to 0 for each i ∈ F , it follows
from Proposition 1.4 that if ξ ∈ J1, then
Φ((0, χξ) + [c]) = pξ − lim
(
Φ
(
[hξ(n)] + [c]−
∑
i∈F
[
pi
qi
f ◦ ji(n)
])
: n ∈ ω
)
and if ξ ∈
⋃
n∈D Jn, then
Φ((yξ, 0) + [c]) = pξ − lim
(
Φ
(
[hξ(n)] + [c]−
∑
i∈F
[
pi
qi
f ◦ ji(n))
])
: n ∈ ω
)
.
Since Φ ◦
(
[hξ] + [c]−
∑
i∈F
[
pi
qi
f ◦ ji)
])
= Φ ◦ [g˜ ◦ j] = Φ ◦ [g˜] ◦ j = g ◦ j, we
may conclude that Φ((0, χξ) + [c]) is an accumulation point of g if ξ ∈ J1 and
Φ((yξ, 0) + [c])) is an accumulation point of g if ξ ∈
⋃
n∈D Jn. 
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The following result will be used later to provide countably compact group topolo-
gies without non-trivial convergent sequences using frames.
Corollary 7.6. Let G be a nicely immersed group and (J, h) be a frame for it. If
Φ and (pξ : ξ ∈ J1 ∪
⋃
n∈D Jn) fullfill the frame and G ∩Wc\ω is direct summand
of G, then Φ generates a countably compact group topology on G ∩Wc\ω without
non-trivial convergent sequences.
Proof. We will denote G1 = G ∩Wc\ω. Let g : ω → Φ[G1]. Since G1 is a direct
summand, we have that Φ−1 ◦ g : ω → G ∩Wc\ω in a sequence in G.
So take some g˜ : ω → Qc\ω such that [g˜] = Φ
−1 ◦ g. In the proof in [1], it is clear
that as the support of Φ−1 ◦ g does not intersect ω and the manipulations to get the
types do not add new support. It follows from the preliminaries to prove Proposition
4.1 in [1] that there exist h : ω → Qc\ω such that h ∈ H or [h] is constant and in G1,
c ∈ Q with [c] ∈ G1 and j : ω → ω strictly increasing such that
g˜ ◦ j = h+ c
as in this case F that appears in the general case is empty.
In the case where [h] is constant, say constantly v ∈ Wc\ω, we have that g ◦ j =
Φ ◦ [g˜] ◦ j = Φ ◦ [g˜ ◦ j] = Φ(v) + Φ([c]) converges to Φ(v) + Φ([c]).
Now, in the case h ∈ H:
Since it is fulfillment, if ξ ∈ J1, then
Φ(0, χξ) = pξ − lim(Φ([hξ(n)]) : n ∈ ω)
for every α < c and if ξ ∈
⋃
n∈D Jn, then
Φ(yξ, 0) = pξ − lim(Φ([hξ(n)]) : n ∈ ω)
for every α < c.
It follows from Proposition 1.4 that if ξ ∈ J1, then
Φ((0, χξ) + [c]) = pξ − lim (Φ ([hξ(n)] + [c]) : n ∈ ω)
and if ξ ∈
⋃
n∈D Jn, then
Φ((yξ, 0) + [c]) = pξ − lim (Φ ([hξ(n)] + [c]) : n ∈ ω) .
Now, fix ξ ∈ J1 ∪
⋃
n∈D Jn such that h = hξ.
Then Φ ◦ ([hξ] + [c]) = Φ ◦ [g˜ ◦ j] = Φ ◦ [g˜] ◦ j = g ◦ j implies that Φ((0, χξ) + [c])
is an accumulation point of g if ξ ∈ J1 and Φ((yξ, 0) + [c])) is an accumulation point
of g if ξ ∈
⋃
n∈D Jn.
Hence G1 is countably compact.
Since h appear more than once in the enumeration, it follows that every 1-1 se-
quence g is not a convergent sequence. Therefore G1 does not have non-trivial con-
vergent sequences. 
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Definition 7.7. Given a nicely immersed group G = (G,W, L, y), w ∈W, a frame
for a countably compact group topology (J, h), we let E(w,G, J, h) be a fixed count-
able set E ⊆ c for which ω ⊂ E, w ∈WE, [hξ(n)] ∈WE E ⊆ (max suppw) + 1 for
each n ∈ ω and each ξ ∈ E ∩ (J1 ∪
⋃
k∈D Jk). 
It is easy to show that E(w,G, J, h) is well defined, that is, such an set E exists.
Moreover, notice that we are abusing of notation, E(w,G, J, h) should really be
E(w, (G,W, L, y), J, h).
Proposition 7.8. Let G = (G,W, L, y) be a nicely immersed group, (J, h) a frame,
w ∈W be non-zero and E = E(w,G, J, h) and (aµ : µ ∈ R1) be arbitrary elements
of T where R1 is a subset of L1 \ J1 that does not intersect E.
Assume the existence of c incomparable selective ultrafilters and enumerate them
faithfully as (pξ : ξ ∈ J1 ∪
⋃
n∈D Jn).
There exists a group homomorphism ρ : W → T satisfying the following condi-
tions:
(i) ρ(w) 6= 0 + Z;
(ii) if ξ ∈ J1, then the pξ-limit of sequence (ρ([hξ(n)]) : n ∈ ω) is ρ(0, χξ);
(iii) if ξ ∈
⋃
n∈D Jn, then the pξ-limit of the sequence (ρ([hξ(n)]) : n ∈ ω) is
ρ(yξ, 0);
(iv) for each S positive integer, the sequence
(
ρ
(
0, 1
S
n!χn
)
: n ∈ ω
)
converges to
0 + Z.
(v) if ξ ∈ R1 then ρ(χξ) = aξ;
Proof. Let G = {hξ : ξ ∈ E ∩ (J1 ∪
⋃
k∈D Jk)} and chξ ∈ Q such that [chξ ] = yξ if
ξ ∈ E ∩
⋃
k∈D Jk and [chξ ] = χξ if ξ ∈ E ∩ J1. Apply Proposition 6.1 to obtain a
homomorphism ψ :WE −→ T. Then conditions (i)-(iv) are satisfied for every ξ ∈ E.
In particular, any homomorphism that extends ψ will satisfy conditions (i) and (iv).
Let (ξγ : γ < c) be an increasing enumeration of c\E and let Eγ = E∪{ξα : α < γ}
for each γ < c. We will define recursively an increasing sequence of homomorphisms
ψγ :WEγ → T for each γ < c satisfying (ii) and (iii) in their domains.
So we let ψ0 = ψ and ψγ =
⋃
α<γ ψα if γ is a limit ordinal. Suppose now γ = α+1.
If ξα /∈ R1 ∪ J1 ∪
⋃
k∈D Jk, we extend ψα to ψα+1 using the divisibility of T. If
ξα ∈ R1 we define ψα+1(χξα) = aξα by the divisibility of T and the infinite order
of χξα. If ξα ∈ J1 ∪
⋃
k∈D Jk, since [hξα(n)] ∈ WEα for each n ∈ ω, the pξα-limit
of (ψα([hξα(n)]) : n ∈ ω) is some x ∈ T. Notice that if ξα ∈ Jk for some k ∈ D,
then o(x) divides k. Thus using the divisibility we define ψα+1 on WEα+1 satisfying:
ψα+1(0, χξα) = x if ξα ∈ J1, and ψα+1(yξα, 0) = x if ξα ∈
⋃
k∈D Jk.
Define ρ =
⋃
γ<c ψγ and we are done. 
Finally, we prove the first variation of the main result in this paper:
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Theorem 7.9. Given a frame (J, h) for a nicely immersed group G, let P = (pξ :
ξ ∈ J1 ∪
⋃
n∈D Jn) be a faithfull enumeration of pairwise incomparable selective
ultrafilters. Then there is Φ and (RU : U ∈ U) a family of pairwise disjoint subsets
of L1 \J1 of cardinality c such that Φ and P fulfill the frame and Φ(χξ) ∈ U for each
U ∈ U and ξ ∈ RU .
Proof. Enumerate W \ {0} as {wα : α < c} so that max suppwα < max{ω, α}. Then
Eα = E(wα, G, J, h) ⊂ max{ω, α}. Set {RU : U ∈ U} a family of disjoint subsets
L1 \ (J1 ∪ ω) of cardinality c such that max suppU < ξ, for each ξ ∈ RU .
For each U ∈ U and each ξ ∈ RU , fix zξ ∈ T
suppU such that zξ(µ) ∈ Uµ for each
µ ∈ suppU , where Uµ is the µ-th coordinate of U .
Now we aim to apply Proposition 7.8 for each α as follows:
For each α, let R1,α =
⋃
{RU : α ∈ suppU} and set aξ = zξ(α) for each ξ ∈ R1,α.
Note that if ξ ∈ RU and α ∈ suppU then ξ > α and therefore R1,α ∩ Eα ⊆ R1,α ∩
max{ω, α} = ∅.
Thus, we can apply Proposition 7.8 to obtain a homomorphism ρα that satisfies
the i)-iv) for every α < c and v) for R1,α.
Claim: for each U ∈ U , ξ ∈ RU , and α ∈ suppU , we have ρα(ξ) ∈ Uα.
Indeed, given U , ξ and α, we have ξ ∈ R1,α and ρα(ξ) = zξ(α) ∈ Uα.
It follows from Proposition 7.8 (i) and that every non-zero element of W is enu-
merated by some wα that
Φ : W → Tc
w 7→ Φ(w)
given by Φ(w)(α) = ρα(w) for every α < c is a group monomorphism. Thus, Φ[G] is
isomorphic to G and since Tc is a Hausdorff topological group, the subspace topology
induced by Tc turns Φ[G] into a Hausdorff topological group and, by the claim,
Φ(χξ) ∈ U for each U ∈ U and ξ ∈ RU .
It follows from Proposition 7.8 (iv) that if S is a positive integer, then the sequence(
Φ
(
0, 1
S
n!χn
)
: n ∈ ω
)
converges to 0.
According to Proposition 7.8 (ii) and (iii), if ξ ∈ J1, then
ρα(0, χξ) = pξ − lim(ρα([hξ(n)]) : n ∈ ω)
for every α < c and if ξ ∈
⋃
n∈D Jn, then
ρα(yξ, 0) = pξ − lim(ρα([hξ(n)]) : n ∈ ω)
for every α < c. It follows from Proposition 1.2 that ξ ∈ J1, then
Φ(0, χξ) = pξ − lim(Φ([hξ(n)]) : n ∈ ω)
and if ξ ∈
⋃
n∈D Jn, then
Φ(yξ, 0) = pξ − lim(Φ([hξ(n)]) : n ∈ ω).
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Therefore, Φ and P is a fulfillment of the frame. 
Lemma 7.10. Let G be a nicely immersed group in W. Then there exists a nicely
immersed group G∗ such that G is isomorphic to G∗ ∩Wc\ω.
Proof. Let us assume (G,W, L, y) is a nicely immersed subgroup of W.
Let I : c→ (c \ ω) be a function satisfying:
(1) I is injective and onto (c \ ω)
(2) I[P0] = P0, I[P1] = P1 \ ω,
It is easy to see that such an I exists.
Consider the copy G′ and W′ be the copies of G, W′ in Wc\ω defined by the
homomorphism mapping defined by the relations χα → χI(α) (if α ∈ P1), χα,n →
χI(α),n (if (α, n) ∈ P0 × ω).
Let u : W → W be the Q-linear mapping defined by u(χξ) = χI(ξ), if ξ ∈ P1, and
u(χ(ξ,n)) = χ(I(ξ),n), if ξ ∈ P0, n ∈ ω.
Let G′ = u[G], W′ = u[W].
Let G∗ = G′ ⊕Wω, W
∗ = W′ ⊕Wω, L
∗
1 = I[L1] ∪ ω, L
∗
n = I[Ln] for n ∈ D and
y∗I(ξ) = u(yξ) for ξ ∈
⋃
n∈D Ln. Then (G
∗,W∗, L∗, y∗) is a nicely immersed group, and
G∗ ∩Wc\ω = G
′ ≈ G 
Corollary 7.11. Assume the existence of c selective ultrafilters. Let G be a non-
torsion Abelian group of size continuum. Then the following are equivalent:
(1) the free rank of G is equal to c and, for all d, n ∈ N with d | n, the group
dG[n] is either finite or has cardinality c;
(2) G admits a countably compact Hausdorff group topology;
(3) G admits a countably compact Hausdorff group topology with non-trivial
convergent sequences; and
(4) G admits a countably compact group topology without non-trivial convergent
sequences.

Proof. It was proved in [9] that (2) implies (1) in ZFC. That (3) implies (2) is trivial.
That (1) implies (3) is Theorem 7.9.
That condition (4) implies condition (2), is obvious.
(1) implies (4) follows from Corollary 7.6 and Lemma 7.10.

8. More examples
8.1. Algebraic countably compact groups. The first examples of countably
compact groups of cardinality greater than c used forcing [14], which later was
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adapted to obtain a countably compact group whose cardinality has countable cofi-
nality [19], [21], [6]. Dikranjan and Shakhmatov [8] obtained a consistent classifica-
tion of all Abelian groups of cardinality at most 2c that admit a countably compact
group topology. The forcing examples obtained so far satisfies CH and only works
for groups of cardinalilty at most 2c.
The use of selective ultrafilters for the construction of countably compact groups
first appeared in [23] and they were afterwards used to construct other examples in
[11], [7], [15], [22], [20], [4].
Recall one of the equivalent definitions of an algebraically countably compact group
[10].
Definition 8.1. An Abelian group G is algebraically countably compact if there
exists an Abelian group H such that the group G⊕H admits a countably compact
group topology. 
As a consequence of their classification, Dikranjan and Tkachenko showed that
(under Martin’s Axiom) every Abelian group of cardinality c is algebraically count-
ably compact.
From the classification in [8] it also follows that every Abelian group of cardinality
at most 2c is algebraically countably compact. However, this forcing model is under
CH .
The existence of 2c selective ultrafilters follows from CH or Martin’s Axiom. As
a corollary to our construction, we will show that assuming the existence of 2c in-
comparable selective ultrafilters, every Abelian group G of cardinality at most 2c
is algebraically countably compact. For this, it suffices to construct the following
example.
Example 8.2. Assume the existence of 2c selective ultrafilters and let G be an
arbitrary Abelian group of cardinality at most 2c. Then G⊕ (Q/Z)(2
c)⊕Q(2
c) admits
a countably compact group topology.
Proof. Let P be a family of incomparable selective ultrafilters of cardinality 2c and
let I0, I1, I2 and I3 be a partition of 2
c into sets of cardinality 2c with ω ⊆ I3. Define
P0 = I0 ∪ I2 and P1 = I1 ∪ I3. Set W = (Q/Z)
(P0) ⊕Q(P1).
Then G can be embedded in (Q/Z)(I0) ⊕ Q(I1), so wlog, G is a subgroup of the
latter. Let G∗ = G⊕ (Q/Z)
(I2) ⊕Q(I3), which is a subgroup of W.
For G∗, its correspondent D is ω\2 (see definition 7.1). Fix L1 ∈ [I3]
2c with ω ⊆ L1
and (Ln : n ≥ 2) a pairwise disjoint family of subsets of I2 of cardinality 2
c. Then
there is trivially a family (yξ : ξ ∈
⋃
n∈D Ln) such that:
a) {(0, χξ) ∈W : ξ ∈ L1} ⊂ G,
b) {(yξ, 0) ∈W : ξ ∈ ∪n∈DLn} ⊂ G,
c) o(yξ) = n ∀ξ ∈ Ln, n ∈ D and
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d) supp yξ ⊂ {ξ} ∀ξ ∈ ∪n∈DLn.
Using this immersion, we can now follow the proof for the construction of the
groups of cardinality c to produce a countably compact group topology for this
G∗. 
8.2. Countably compact groups without non-trivial convergent sequences
whose weight has countable cofinality.
Lemma 8.3. Let G = (G,W, L, w) be a nicely immersed group, (J, h) be a frame for
a countably compact group topology with ω ⊆ J1 and (pξ : ξ ∈
⋃
{Jn : n ∈ {1}∪D)
and Φ be a fulfillment. Suppose that there exists (RU : U ∈ U) a family of pairwise
disjoint non-empty subsets L1 \ J1 of cardinality c such that Φ(χµ) ∈ U for each
U ∈ U and µ ∈ RU . Then, for every cardinal κ ∈ [c, 2
c] there exists a countably
compact group topology with non-trivial convergent sequences on G whose weight is
κ and a countably compact group topology without non-trivial convergent sequences
on G whose weight is κ.
Proof. Given κ, we can fix {aξ : ξ ∈ L1 \ J1} such that {aξ : ξ ∈ RU} is a dense
subset of Tκ for each U ∈ U . We can define a homomorphism Θ : W → Tκ such
that
(i) Θ(0, χξ) = aξ for each ξ ∈ L1 \ J1;
(ii) if ξ ∈ J1, then the pξ-limit of sequence (Θ([hξ(n)]) : n ∈ ω) is Θ(0, χξ);
(iii) if ξ ∈
⋃
n∈D Jn, then the pξ-limit of the sequence (Θ([hξ(n)]) : n ∈ ω) is
Θ(yξ, 0);
(iv) for each S positive integer, the sequence
(
Θ
(
0, 1
S
n!χn
)
: n ∈ ω
)
is constantly
0 ∈ Tκ.
Consider the topology generated by the homomorphisms Φ and Θ. Consider ∆ :
W → Tc × Tκ be given by ∆ = (Φ,Θ). Then {pξ : ξ ∈
⋃
{Jn : n ∈ {1} ∪ D} and
∆ also fulfills the frame. By Theorem 7.5, it follows that G can be equipped with a
countably compact group topology with a non-trivial convergent sequences.
Note that the set {∆(χξ) : ξ ∈ L1 \ J1} is dense in T
c × Tκ. Thus, the topology
on G also has weight κ.
Now repeating the argument above in G⊕Wω, using Lemma 7.10, Corollary 7.6
and the argument in Corollary 7.11, we conclude that G can also be equipped with
a countably compact group topology without non-trivial convergent sequences that
can be embedded densely in Tc×Tκ. Thus, the topology on G also has weight κ. 
Combining Lemma 8.3 and Theorem 7.9, we get the following result:
Example 8.4. Assume the existence of c selective ultrafilters. Let G be a group
of cardinality c that admits a countably compact group topology. Then for every
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cardinal κ ∈ [c, 2c] there exist countably compact group topologies with and without
non-trivial convergent sequences on G whose weight is κ.
Example 8.5. It is consistent that every Abelian group of cardinality c that admits
a countably compact group topology admits a countably compact group topology
without non-trivial convergent sequences whose weight has countable cofinality.
Proof. Take a model in which there exist c selective ultrafilters and there are cardinals
of countable cofinality between c and 2c. Apply Example 8.4 and we are done. 
8.3. Non-homeomorphic countably compact group topologies on a group
of cardinality c. Tomita [18] showed the existence of 2c group topologies on the free
Abelian group of cardinality c from 2c selective ultrafilters. We will now show that
the same happens to all the Abelian groups of cardinality c that admit a countably
compact group topology.
First we recall the definition in [18]:
Definition 8.6. If X is a topological space and if x ∈ X is an accumulation point
of s : ω → X , we define F(X, s, x) as the set
{A ⊂ ω : ∃U an open neighborhood of x s. t. {n ∈ ω : s(n) ∈ U} ⊂ A}.
We denote by F(X) the family consisting of all filters F(X, s, x), where X is a
fixed topological space and x ∈ X is an accumulation point of some s : ω → X . 
It is straightforward to verify that F(X, s, x) is a filter over ω. Observe that if
|X| = c, then |F(X)| ≤ c.
The proof of the following lemma is straightforward.
Lemma 8.7. Let X and Y be topological spaces and let h : X → Y be a homeo-
morphism. If x ∈ X is an accumulation point of s : ω → X , then h(x) ∈ Y is an
accumulation point of h ◦ s : ω → Y and F(X, s, x) = F(Y, h ◦ s, h(x)). 
Corollary 8.8. If X and Y are homeomorphic, then F(X) = F(Y ). 
Lemma 8.9. Given a frame (J, h) for a nicely immersed group G a P = (pξ : ξ ∈
J1∪
⋃
n∈D Jn) and Φ a fulfillment of the frame and (RU : U ∈ U) a family of pairwise
disjoint subsets of L1 \J1 of cardinality c such that Φ and Φ(χξ) ∈ U for each U ∈ U
and ξ ∈ RU .
Let A = (an : n ∈ ω) be an injective sequence in L1 \ (J1 ∪ω). Let β ∈ J1 be such
that fβ is the sequence given by fβ(n) = χan for each n ∈ ω.
Then, for each W ∈ U there exists a family (SW : W ∈ U) pairwise disjoint
subsets of L1 \ (J1 ∪ β) of cardinality c and η : W → T
c such that P and η are a
fulfillment, η(χµ) ∈ W for each W ∈ U and µ ∈ SW , pβ ∈ F(〈G, τη〉) and pβ ∈
F(〈G ∩Wc\ω, τη|G∩W
c\ω
〉).
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Proof. For each V ∈ U , let zV ∈ T
suppV be such that zV (ξ) ∈ Vξ, where Vξ is the ξ-th
coordinate of V . For each U ∈ U , define {RU,V : V ∈ U} pairwise disjoint subsets of
RU \ β of cardinality c.
Let {Aα : α < c} be an enumeration of pβ.
For each α < c, define a homomorphism ψα : W → T such that ψα preserves
the assigned accumulation points by the frame, ψα|Wω = 0, ψα(χan) = 0 if n /∈ Aα,
ψα(χan) =
1
2
+Z if n ∈ Aα and ψα(χµ) = zV (α) whenever U, V ∈ U , α ∈ supp V and
µ ∈ RU,V . This is possible since ω ∪ A ∪
⋃
{RU,V : U, V ∈ U} ⊆ L1 \ J1.
Note that since pβ is in the fulfillment of the frame and Aα ∈ pβ, it follows that
1
2
+ Z = pβ-lim {ψα(an) : n ∈ ω} = pβ-lim{ψα(fβ(n)) : n ∈ ω} = ψα(χβ) and
Aα = {n ∈ ω : ψα(fβ(n)) ∈ O}, where O is the arc of length
1
2
centered in φα(χβ).
Let Ψ be the diagonal of the ψα’s.
Then ∆(Φ,Ψ) : W → Tc × Tc is as required since U × V for U, V ∈ U form
a basis of basic open sets of Tc × Tc. Note that the convergent sequences are still
converging to 0, and pβ = F(〈G, τ∆(Φ,Ψ)〉, A, χβ) ∈ F(G, τ∆(Φ,Ψ)) and pβ = F(〈G ∩
Wc\ω, τ∆(Φ,Ψ)|G∩W
c\ω
, A, χβ) ∈ F(G∩Wc\ω, τ∆(Φ,Ψ)|G∩W
c\ω
). We can now re-enumerate
the indices using a bijection between c and c × c so that G is immersed in Tc as
required. The basic open set will have only its support renamed, thus the condition
of density will be preserved. A basic open W in Tc will correspond to a basic open
set U × V ∈ Tc × Tc and SW will be RU,V . 
Lemma 8.10. Assume that there exists c selective ultrafilters. Let p be a selec-
tive ultrafilter and G be a non-torsion Abelian group of cardinality c that admits
a countably compact group topology. Then there exists a group topology τ on G
which makes it a countably compact group with (or without, if desired) converging
sequences such that p ∈ F(G, τ). Moreover, we can choose the weight of τ to be any
cardinal in [c, 2c].
Proof. Consider the frame in Lemma 8.9 and set an enumeration P for the selective
ultrafilters so that p = pβ. By Theorem 7.9, there is Φ such that the conditions of
Lemma 8.9 are satisfied.
Then there exists another fulfillment η as in the conclusion of Lemma 8.9 in which
p ∈ F(〈G, τη〉). The fulfillment P and η satisfies the conditions in Example 8.4, thus,
there is a group topology τ with weight κ for which p ∈ F(〈G, τ〉).
Now we can again repeat the argument for G ⊕Wω used in Corollary 7.11 to
obtain the topology without non-trivial convergent sequences for G as desired, as
the witness to obtain p depends only on elements of L1 \ ω. 
Corollary 8.11. Assume the existence of 2c selective ultrafilters. For each cardinal
κ ∈ [c, 2c] and each G that admits a countably compact group topology
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(1) there exists at least 2c non-homeomorphic countably compact group topolo-
gies with a non-trivial convergent sequences on G of weight κ and
(2) there exists at least 2c non-homeomorphic countably compact group topolo-
gies without non-trivial convergent sequences on G of weight κ.
Proof. Fix κ < 2c a cardinal and consider {(Xα, τα) : α < κ} a family of spaces
such that |Xα| = c, for every α < κ. We shall show that it is possible to endow G
with a countably compact group topology τ such that (G, τ) is not homeomorphic
to (Xα, τα), for every α < κ. Since we are assuming the existence of 2
c selective
ultrafilters, let p be a selective ultrafilter such that p 6∈
⋃
α<κF(Xα).
By Lemma 8.10, we can obtain a group topology τ i for i ∈ {1, 2} as in itens (1) or
(2) for which p ∈ F(〈G, τ i〉). Then this topology is non-homeomorphic to the ones
listed. Thus, there must be at least 2c non-homeomorphic topologies as in (1) and
(2). 
9. Question
Recently Bellini, Rodrigues and Tomita showed that if p is a selective ultrafilter and
κ = κω then Q(κ) admits a p-compact group topology without non-trivial convergent
sequences from a selective ultrafilter. This gives the first arbitrarily large non-torsion
countably compact groups without non-trivial convergent sequences.
Question 9.1. Classify the non-torsion or the torsion-free Abelian groups of cardi-
nality c that admit a p-compact topology (without non-trivial convergent sequences),
for some ultrafilter p.
The torsion counterpart of the question above has a consistent classification [7].
In particular, we ask:
Question 9.2. Is there a p-compact group topology (without non-trivial convergent
sequences) compatible with Z(c)×Q(c), for some ultrafilter p? A group topology whose
ω-th power is countably compact? What about Z×Qc?
In [3], Boero, Castro-Pereira and Tomita showed that there exists a countably
compact free Abelian group of cardinality c from a selective ultrafilter.
Question 9.3. Assume the existence of a selective ultrafilter. Classify the Abelian
groups of cardinality c that admit a countably compact group topology.
Recently Hrusˇak, van Mill, Ramos-Garcia and Shelah provided a countably com-
pact group of order 2 without non-trivial convergent sequences in ZFC, answering
classic problems of van Douwen and Comfort. It is not clear yet if this can be extended
to non-torsion groups of cardinality c. The following has been asked by Tkachenko
and it would be the first step towards a ZFC classification of Abelian groups that
admit a countably compact group topology.
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Question 9.4 ([24], Question 508). Is there a countably compact group topology
on the free Abelian group of cardinality c in ZFC.
10. Acknowledgments
The first and third authors are doctoral students (Processes FAPESP numbers
2017/15709-6, 2017/15502-2, 2019/01388-9 and 19/02663-3) who conducted a com-
plete revision and rewriting on the manuscript to its present form under the supervi-
sion of the last author. The second author has received financial support from CNPq
- ”Bolsa de doutorado” and the first draft (the classification without convergent se-
quences) is part of her doctoral thesis. The last author received financial support from
CNPq (Brazil) — “Bolsa de Produtividade em Pesquisa (processo 305612/2010-7).
Projeto: Grupos topolo´gicos, selec¸o˜es e topologias de hiperespac¸o” during the re-
search that led to the first draft and has received support from FAPESP Aux´ılio
regular de pesquisa Proc. Num. 2012/01490-9, CNPq Produtividade em Pesquisa
307130/2013-4, CNPq Projeto Universal Num. 483734/2013-6 and Aux´ılio Regular
FAPESP - 2016/26216-8 during the research that led to the final version.
References
[1] M. K. Bellini, A. C. Boero, I. Castro-Pereira, V. O. Rodrigues, and A. H. Tomita. Countably
compact group topologies on non-torsion abelian groups of size c with non-trivial convergent
sequences. Topology Appl., 267: 106894, 2019.
[2] A. R. Bernstein. A new kind of compactness for topological spaces. Fund. Math., 66:185–
193, 1970.
[3] A. C. Boero and I. Castro-Pereira and A. H. Tomita. Countably compact group topologies
on the free Abelian group of size continuum (and a Wallace semigroup) from a selective
ultrafilter. Acta Math. Hungar., 159(2):414–428, 2019.
[4] A. C. Boero, S. Garcia-Ferreira, and A. H. Tomita. A countably compact free Abelian group
of size continuum that admits a non-trivial convergent sequence. Topology Appl., 159:1258–
1265, 2012.
[5] A. C. Boero and A. H. Tomita. A countably compact group topology on Abelian almost
torsion-free groups from selective ultrafilters. Houston J. Math., 39(1):317–342, 2010.
[6] I. Castro-Pereira and A. H. Tomita. A countably compact free abelian group whose size has
countable cofinality. Appl. Gen. Topol., 1:97–101, 2004.
[7] I. Castro-Pereira and A. H. Tomita. Abelian torsion groups with a countably compact group
topology. Topology Appl., 157:44–52, 2010.
28 M. K. BELLINI, A. C. BOERO, V. O. RODRIGUES, AND A. H. TOMITA
[8] D. Dikranjan and D. Shakhmatov. Forcing hereditarily separable compact-like group topolo-
gies on Abelian groups. Topology Appl., 151:2–54, 2005.
[9] D. Dikranjan and M. G. Tkachenko. Algebraic structure of small countably compact Abelian
groups. Forum Math., 15:811–837, 2003.
[10] L. Fuchs Infinite Abelian Groups. Elsevier Science, 1970.
[11] S. Garcia-Ferreira, A. H. Tomita, and S. Watson. Countably compact groups from a selective
ultrafilter. Proc. Amer. Math. Soc., 133:937–943, 2005.
[12] N. Hindman and D. Strauss. Algebra in the Stone-Cech Compactification: Theory and Ap-
plications. De Gruyter Textbook. De Gruyter, 2011.
[13] T. Jech. Set theory. Springer, 2003.
[14] P. B. Koszmider, A. H. Tomita, and S. Watson. Forcing countably compact group topologies
on a larger free Abelian group. Topology Proc., 25:563–574, 2000.
[15] R. E. Madariaga-Garcia and A. H. Tomita. Countably compact topological group topologies
on free Abelian groups from selective ultrafilters. Topology Appl., 154:1470–1480, 2007.
[16] V. I. Malykhin and L. B. Shapiro. Pseudocompact groups without convergent sequences.
Math. Notes, 37:59–62, 1985.
[17] A. H. Tomita. The existence of initially ω1-compact group topologies on free Abelian groups
is independent of ZFC. Comment. Math. Univ. Carolinae, 39:401–413, 1998.
[18] A. H. Tomita. On the number of countably compact group topologies on a free Abelian group.
Topology Appl., 98:345–353, 1999.
[19] A. H. Tomita. Two countably compact topological groups: one of size ℵω and the other of
weight ℵω without non-trivial convergent sequences. Proc. Amer. Math. Soc., 131:2617–2622,
2003.
[20] A. H. Tomita. A solution to Comfort’s question on the countable compactness of powers of
a topological group. Fund. Math., 186:1–24, 2005.
[21] A. H. Tomita. The weight of a countably compact group whose cardinality has countable
cofinality. Topology Appl., 150:197–205, 2005.
[22] A. H. Tomita. A group topology on the free abelian group of cardinality c that makes its
finite powers countably compact. Topology Appl., 196:976–998, 2015.
[23] A. H. Tomita and S. Watson. Ultraproducts, p-limits and antichains on the Comfort group
order. Topology Appl., 143:147–157, 2004.
[24] J.van Mill and G. M Reed. Open problems in topology. North-Holland, 1990.
COUNTABLY COMPACT GROUP TOPOLOGIES WITH CONVERGENT SEQUENCES 29
Institute of Mathematics and Statistics, University of Sa˜o Paulo, Rua do Mata˜o,
1010 - CEP 05508-090 - Sa˜o Paulo - SP - Brazil
E-mail address : matheusb@ime.usp.br
Center of Mathematics, Computing and Cognition, Federal University of ABC,
Rua Santa Adlia, 166 - CEP 09210-170 - Santo Andr - SP - Brazil
E-mail address : ana.boero@ufabc.edu.br
Institute of Mathematics and Statistics, University of Sa˜o Paulo, Rua do Mata˜o,
1010 - CEP 05508-090 - Sa˜o Paulo - SP - Brazil
E-mail address : vinior@ime.usp.br
Institute of Mathematics and Statistics, University of Sa˜o Paulo, Rua do Mata˜o,
1010 - CEP 05508-090 - Sa˜o Paulo - SP - Brazil
E-mail address : tomita@ime.usp.br
